£ n (or #(x)) the rings of germs at 0 in R w of real analytic and C°°-functions, and by IF n (or ^"(#)) the ring of formal power series in n indeterminates over R. One has a mapping T: g n -+!F n (Taylor expansion at 0). We regard O n^.^n . We denote by w(0 w ) (resp. m(<f J) the maximal ideal of O n (resp. <^w). As 0 H and &' n are unique factorization rings, for any/e0 w (resp. e<f w ) / (resp. Tf} can be factorized. So 0°n (resp. £°n) denotes the set of all germs f in O n (resp. tf K ) such that f (resp. Tf) is not 0, is in Tn(0 B ) (resp. m(<f w )) and has no multiple factors. Adif w (resp. Dif w ) denotes the set of analytic local diffeomorphisms (resp. local diffeomorphisms of C~-class) around 0 in R w . We have
(1) for any reAdif w (resp. Dif ;z ) and/e0; (resp. ^;) /°re0; (resp. £°n\ (2) O n n <f; = ^; (Zariski-Nagata).
For any analytic set F in @ (where J23a, J? open in R w ), the germ of F at a is called an analytic germ at o, and denoted by F fl . To an analytic germ F, we make it correspond the ideal /(F)c0 B of germs of analytic functions which are zero on F. We say /(e^M) is flat at 0 if Tf=Q. §3. Generalizations of [4] , [8] The next lemma is similar to the lemma at p. 33 in [7] , and the method of the proof is the same. formation defined by X. Then we have
Lemma 1. Let f, g be in £ n (resp. G n } and a { (x, t) (i =
The assumptions give
,1 i if O^i + ^^1 and ^ is near 0
These show that (ft+ g(l -t))°(p t (x, 0) is a constant for any fixed x near 0, and the <PI(X, 0) is a local diffeomorphism around x = Q. This gives the result. As a corollary of Lemma 1, we obtain the next lemma which is due to [8] . In the analytic case it is enough for the proof that we remind the fact that
Lemma 2. Let
(1) & n is faithfully flat over (9 n and (2) Weierstrass' preparation theorem. If /(em(^M)) can be transformed into an element of O n (or a polyk k nomial), then /= H f\ for some elements //e^w where 1=1 Proof. Let's proceed as in the proof of Lemma 2. It is enough to have germs a t (x, t} which satisfy the following conditions;
By the hypothesis, there exist 6 y e m(^l f ) (resp. m(0 w )) such that Tlr tm converge respectively to 1 and Til (when TTI-»oo) 5 and that (when 77i-»oo).
From this we have
From the equations dg and the fact that T k $ where p is the ideal generated by ^-Xj is a linear OXf subspace of a finite dimensional vector space over R, we see that g is contained in p + m*(0 w ). Because k is arbitrary, and by Theorem of Krull we see that g is centained in £.
Remark 3.
In the same way as in the above proofs, we can prove that for any/em(<f w ), the following two conditions are equivalent;
(1) for any <fr&£ n (such that 0(0) >0) there exists reDif w such that Hence V { is {0} or a sum of curves. If V { is a sum of curves and fj vanishes on a subgerm (^{0}) of F,-(/^j)» then there is a sequence a n (-»0) in Vt such that /y(O = 0 (n = l, 2...). By the fact that ?y-0y/y is flat at 0, for any JV>0 there is a neighborhood of 0 where we have From these we see that for sufficient large n sXOI^KI"-
Now, from the hypothesis that Uqj=g is in ®\, one sees easily that the ideal (generated by q { , qj) is 2 in height, and that the ideal is contained in 7(F,.n Fy). Hence /(F,.n Fy) is 2 in height, and F.-n F y = {0}. It is shown in £6] (Corollary IV 4.4) that any two analytic sets X, Y are regularly situated (i.e. locally there exists a pair of constants c>0 and a>0 such that for every
. From this there exists a pair of c>0 and a>0 such that for sufficiently large n d(a n , r y )^c|aj«.
But, from the inequality of Lojasiewicz, we have locally for some constants c'>0, a'X) especially for sufficiently large /& (3) From (1), (2), (3), we get for sufficiently large n c'(d(a n , By the fact that N is arbitrary and d(a n , Fy) is not 0, this is a contradiction. Thus we have shown that Remark 4. In the lemma above we see that an analytic set in R 2 is coherent. But the one in R 3 is not always coherent. The counter example is the "umbrella" (p. 95 in [6] ). We present a proof to the following Cerf s result (shown at p. 23 in ra).
Proposition 3, If y*em((f w ) has a critical point of codimension 1 (resp. 2) at 0, then there exists reDif w such that Proof. The proof of the case of codim 2 follows in the same way as its of codim 1, so we prove only the case of codim 1, Let £(/) be the ideal generated by the germs of the first partial derivatives of f in & n . 
